We consider primordial black hole (PBH) production in inflationary α-attractors. We discuss two classes of models, namely models with a minimal polynomial superpotential as well as modulated chaotic ones that admit PBHs. We find that a significant amplification of the curvature power spectrum P R can be realized in this class of models with a moderate tuning of the potential parameters. We consistently examine the PBH formation during radiation and additionally during reheating eras where the background pressure is negligible. It is shown that basic features of the curvature power spectrum are explicitly related with the postinflationary cosmic evolution and that the PBH mass and abundance expressions are accordingly modified. PBHs in the mass range 10 −16 − 10 −14 M can form with a cosmologically relevant abundance for a power spectrum peak P R ∼ 10 −2 and large reheating temperature and, furthermore, for a moderate peak P R ∼ 10 −5 and reheating temperature T rh ∼ 10 7 GeV, characteristic of the position of the power spectrum peak. Regarding the CMB observables, the α-attractor models utilized here to generate PBH in the low-mass region predict in general a smaller n s and larger r and α s parameter values compared to the conventional inflationary α-attractor models.
Introduction
The recent detection of gravitation waves due to the merging of two massive (∼ 30M ) black holes [1] , has revived the idea that the dark matter in the universe, or some fraction of it, is composed of Primordial Black Holes (PBHs) [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . PBHs are distinguished from stellar black holes since they are not remnants of the gravitational collapse of massive stars. Instead, they are formed by the collapse of primordial density perturbations which are of order unity upon horizon entry [12] [13] [14] . Therefore, the mass of such PBHs is not limited by the usual mass bound ( ∼ > 3M ) of astrophysical black holes but can attain much smaller masses and they can be as light as 10 −18 M , but not lighter in order the evaporation rate in the late universe to be suppressed.
If PBHs are created in the early universe it is natural to contemplate upon the exciting possibility that they comprise the elusive dark matter of the universe [15] . Contrary to the stellar black holes, the PBHs evade the bounds on the baryonic matter abundance from the big bang nucleosynthesis. An appealing and minimal assumption is to attribute the creation of PBHs to the inflationary phase itself. Indeed, recent studies indicate that large primordial density perturbations that lead to the PBH production can be triggered by the inflaton field stochastic fluctuations. This hypothesis can be realized in single-field inflationary models [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] , in double inflation, see e.g. [26] [27] [28] , as well as through some spectator field [29] [30] [31] [32] . More interesting it is the fact that such a spectator field can be accommodated in the Standard Model and it can be identified with the Higgs field [33, 34] . PBHs are found to be formed with a relic abundance possibly large enough to account for a significant fraction of the bulk dark matter in the universe.
In order for a model of inflation to seed the PBH formation, a mechanism is needed for the enhancement of the power spectrum of the curvature perturbation at small scales. The power spectrum has to be normalized at the CMB scales by the amplitude of the temperature anisotropies, P R ∼ 10 −9 , and increased about seven orders of magnitude at much smaller scales, P R ∼ 10 −2 , relevant to the PBH formation in a thermal radiation background. This striking change of the curvature power spectrum with respect to the scale inevitably has to be attributed to some peculiar feature of the inflationary potential. The power spectrum, according to the standard approximate analytic estimation, has a dependence P R ∼ H 2 / 1 , where 1 is the first Hubble flow-function and H the Hubble parameter. At first sight, an enhancement in P R could be achieved if the 1 decreases substantially during the inflationary evolution. For 1 1 we have for the first slow-roll parameter V of the inflaton potential V 1 , which implies that at some field value before the end of inflation the derivative of the potential nearly vanishes, V 0. However, it is not obvious at all that the 1 and the other Hubble flow functions, 2 and 3 , are also small in that field region since the acceleration of the inflaton becomes important and the slow-roll approximation breaks down. The inflaton may overshoot the stationary point without any enhancement in the power spectrum. A local plateau is necessary which implies that V has also to vanish. The general picture drawn from the attempts so far converge to a potential that features an inflection point about a local plateau [19] . The inflaton field slowly rolls down the potential in the region that corresponds to the CMB scales, afterwards accelerates and substantially decelerates in the region of the inflection point and, finally, slow-rolls again until the end of inflation. In between the initial and the final slow-roll phase there is a stage known as ultra slow-roll (USR) phase [35] . It is during this stage that the power spectrum of the curvature power spectrum gets amplified and the PBH formation becomes possible.
The violation of the slow-roll phase means that the power spectrum has to be computed numerically. Even the analytic expression P R ∼ H 2 / 1 , gives wrong results because there is a O(1) change in Hubble flow functions. Therefore the exact Mukhanov-Sasaki equation has to solved. The exact solution, obtained numerically, reveals that in the regions of field space where the Hubble flow functions get larger than one the expression P R ∼ H 2 / 1 underestimates several orders of magnitude the actual P R value. A careful look indicates that the power spectrum peak is generated when the Hubble flow functions change rapidly. On the other hand, the approximate value for the power spectrum becomes maximum when the velocity of the inflaton minimizes. After that point, the slow-roll regime takes over and the analytic value for the power spectrum approximates well the numerical value. The difference in the amplitude between the numerical and the analytic peak is found to be hundreds or even thousands times large and it depends on the way the Hubble flow functions change.
Although the production of dark matter in the form of PBHs is rather appealing, its explicit implementation in inflationary models seems to be particular delicate as it demands a considerable amount of fine tuning of the parameters of the potential. Indeed, an inflection point, V = 0, together with a local plateau, V ≈ 0, appear only if the terms in the potential are carefully balanced. Nevertheless, it is notable that such a behavior can be implemented by several inflationary models. After the first suggestion of an inflection point potential constructed by a ratio of polynomials [19] , a number of scenarios have been proposed in the literature. Critical Higgs inflation [20] , simple polynomials or potentials with a radiative plateau a la Coleman-Weinberg where the inflaton is non-minimally coupled to the Ricci scalar [21, 22] , fibre inflation [24] and axion models [25] inspired by string theory are examples of single field inflationary models that can accommodate the PBH formation.
During the USR phase the inflaton velocity promptly decreases and one should check whether the quantum jumps influence the inflaton trajectory and the relic density of the PBH. This issue has been examined in [36] where it was found that the quantum diffusion has a signifi- 
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Two typical power spectra produced by our models (Model I 2 family) for PBH formation with Ω PBH /Ω DM ∼ 0.1 during radiation domination (upper curve) and matter domination (lower curve). The shaded area indicates the scales k −1 that reenter horizon during the cosmic period confirmed to be radiation dominated.
cant impact on the PBH mass fraction making the classical standard predictions not trustable, unless extreme values for the density contrast threshold δ c are adopted. In Ref. [37] it has been argued that diffusion could induce an enhancement of the power spectrum. Apart from the diffusion issue, the amplitude of the peak can produce non-gaussianities [38] that lead to additional interesting constraints to the parameter space for the PBH production mechanism.
The amplitude of the power spectrum can be reduced if we depart from the simple assumption of a continuous radiation dominated era right after inflation. During a pressureless matter dominated era a sizable fraction of the total energy can collapse to PBH for P R ∼ 10 −4 or even P R ∼ 10 −5 . A critical epoch is the transition of the universe from the supercooled inflaton dominated phase to hot thermalized plasma with temperature, T rh which may not be instantaneous. The only existing bound on the reheating duration is that T rh > O(1) MeV, in order to proceed BBN, and a prolonged non-thermal phase may take place in the early universe. In addition it is natural to assume that the early universe energy density is dominated for some period by late decaying scalar fields, which are natural in the context of supersymmetric and stringy scenarios. The radiation dominated (RD) era is actually observationally established to occur from the BBN epoch until the equality epoch. At that cosmic epochs the horizon scale was respectively k −1 eq = (3.6 × 10 −2 ) −1 Mpc and k
Mpc. Scales k > k BBN may enter during a radiation dominated era or during an era where the equation of state deviates from 1/3.
In this paper, along the lines of the aforementioned works, we investigate the generation of PBH in the context of the supergravity and superconformal theory considering in addition that the PBH may form during reheating or modulus dominated eras. We consider the general class of α-attractor models which have the advantage to flatten the scalar potential for large values of the field. We identify the models in this class that exhibit an inflection point and examine their parameter space for PBH production. We find that a broad set of choices of functions exists that can implement the double rôle of the inflaton, to generate the CMB anisotropies and the PBH formation. The particular shape of the potential together with the multiple observational constraints require particularly tuned parameters but these parameters should be seen as moduli of a string theory compactification, and not necessarily as shortcomings of these scenarios. Our models predict PBH in the low mass window since the corresponding scales that collapse to PBH reenter the horizon not long after inflation, see Figure 1 . At that energy scales the reheating phase or a late decaying scalar fields can affect the PBH formation and we consistently investigate the PBH formation rate taking into account aspherical or angular momentum effects. In addition, the models that we discuss and analyze predict distinctive values both for the CMB observables and for the PBH mass and abundance that can be tested by near future observational programs. We mention that our analysis is general and applies to any inflationary model with a spike in its power spectrum.
The paper is organized as follows: In section 2 we review supergravity inflationary potentials in the α-attractor setup. In section 3 we work out particular cases of supersymmetric α-attractors. In section 4 we present the computation of the power spectrum of the curvature perturbation. In section 5 we give the expressions for the PBH mass and the abundance for three different cosmic eras, radiation domination, reheating and modulus condensate domination. In section 6 we analyze the scenarios for the PBH formation in superconformal attractor models, and in section 7 we present our results and discuss the observational implications. Finally we conclude in section 8.
Superconformal Attractors
We will consider here a superconformal model of N = 1 supergravity coupled to chiral multiplets X I , (I = 0, · · · , n), where X 0 is the "reference" superfield (conformon) in the general context of supersymmetric α-attractor models [39] [40] [41] [42] [43] [44] [45] [46] . The key feature of such models was firstly introduced in the context of general inflation potentials in supergravity [47] The superconformal action is [48] 
Here N (X, X) is a generic real function with Weyl weight 2, which includes the conformon superfield, W(X) is the superpotential with Weyl weight 3, and the subscripts D and F denote F and D-terms as usual. The theory has extra symmetries and in particular, Weyl symmetry, special conformal symmetry, special supersymmetry and a U (1) R-symmetry. Poincare supergravity is obtained after gauge fixing these symmetries. The F-term potential for the scalars originates from the auxiliary fields of the chiral multiplets and reads
where G IJ is the inverse of the Kähler metric G IJ = ∂ I ∂ J N and W I = ∂ I W. The bosonic part of the Lagrangian (1) turns out to be
where
. This is the Kähler connection of the Poincaré supergravity after gauge fixing. Here we will consider the "minimal" case of two additional chiral superfields X 1 = Φ and X 2 = S in addition to the compensator X 0 . The superfield Φ contains the inflaton whereas S is the goldstino multiplet. This is a large universality class of models and we will consider the subclass described by superconformal models where the embedding Kähler potential exhibits an SU (1, 1) symmetry in the complex X 0 − X 1 field space. In particular, we will consider the stabilizing along the inflationary trajectories embedding Kähler potential
where α is a numerical constant. Apparently, (4) is invariant under SU (1, 1) transformations of X 0 , X 1 . This can be implemented in superconformal attractor theory by considering the superpotential
Clearly, this choice of the superpotential breaks partially SU (1, 1) to just SO(1, 1) for a constant function f (X 1 /X 0 ) and α = 1, and completely if f is not constant, or α = 1. To recover Poincaré supergravity a gauge fixing that fixes the local conformal and local U (1) symmetry should be imposed. Here we use the standard D-gauge in which the compensator is fixed at X 0 = X 0 = √ 3. In this case, standard Poincaré supergravity is recovered with Kähler potential K = −3 log(−N/3). In particular, we find that in this gauge the Kähler potential and the superpotential are given by
and
respectively. Along the trajectory S = ImΦ = 0, the effective Lagrangian for the field φ = ReΦ turns out to be
Defining
we may write (8) as
Note that the Kähler metric on the S = 0 scalar submanifold corresponds to a Σ = SU (1, 1)/U (1) coset symmetric space of constant curvature R Σ = −2/3α and therefore, one may recognize α as the square of the "radius" of Σ [44, 49, 50] . The inflationary trajectory S = ImΦ = 0 is always stable for appropriate ζ. Alternatively, one may assume that the goldstino superfield is nilpotent S 2 = 0 in which case the stability condition of the inflationary trajectory becomes milder.
In this class of models inflation occurs for large fields ϕ 0 (or φ ≈ √ 3). In this case, we can approximate the potential as
Similar expansion of the potential in Eq. (11) appeared recently in [24] . It is straightforward to verify that for the potential (11) the spectral index n s and the scalar-to-tensor ratio r are given to leading order in the number of e-folds N as [44, 49] 
In other words, in the universality class of superconformal models, inflation gives the correct CMB anisotropies and normalization if f (1) ≈ 10 −5 M 2 Pl .
Conditions for inflection points in superconformal attractors
Having ensured the correct power spectrum for the density perturbations, we are going to determine the necessary conditions the superpotential function f (X) should satisfy for PBH production. The potential of the scalar Lagrangian (8) is
. The conditions the potential should satisfy are:
1. A global minimum at ϕ = ϕ 0 where the potential vanishes
This is the point where the inflaton will settle down without giving rise to a cosmological constant.
2. An inflection point ϕ = ϕ infl satisfying
where the inflaton slows down and generates large amplification in the power spectrum. Both points have to lie into a specific interval before the potential becomes asymptotically flat.
The above conditions can also be written as conditions for the function f as
However, the function f is asymptotically constant for ϕ 0 thus the global minimum and the inflection point have to lie into a specific interval before the potential becomes asymptotically flat. The interval where the potential is deformed (not stretched) depends mildly on the choice of the arbitrary function. Therefore, a more proper way to define the interval where the extrema appear should be addressed.
Since the function f appearing in the superpotential depends on Φ, it is more convenient to express the conditions (17) in terms of φ = ReΦ| θ=θ=0 , which are then written
Note that φ has not canonical kinetic term as can be seen from Eq. (10) . In this case, positivity of the kinetic term of φ requires that |φ| < √ 3. The first condition signifies that the largest root φ 0 of f will be the point where the inflaton will settle down if inflation occurs for φ close to √ 3. So the conclusion here is that the superpotential function f (Φ) should have roots and an inflection point with no root after the latter. The two following conditions address again the inflection point of V (φ/ √ 3).
Specific Models
The main feature of the cosmological attractor mechanism is that for a arbitrary potential function chosen, it is compatible with the CMB constraints [51, 52] due to the flat potential for ϕ 1. Here we will employ a family of functions which shares the characteristics introduced in (2.1) to make the attractors a candidate for generating PBHs. 
Model I: Polynomial Superpotentials
In general, an n-th degree polynomial has n−2 inflection points. Hence, the simplest polynomial with one inflection point is the cubic
where c i are constant parameters. There is always an inflection point at
where the derivative of f (φ) is
In order the function f (φ) to have a single root, it should be strictly monotonic, which happens for
In addition, the derivative of f (φ) at the inflection point should be small, that is
and therefore, we may write
In the following figures, we plot for illustrations the function f (φ) and V = f (φ) 2 for a boost φ = √ 3 tanh(ϕ/ √ 6). It is clear that the inflection point in f is transferred to the potential V , which exhibits a plateau for large values of ϕ. In addition, for a given value a 3 , the parameter a 2 controls the relative height of the plateau, whereas δ controls the slope at the inflection point.
The potential so constructed has therefore the following characteristics:
1. For large values of ϕ slow-roll inflation is a good approximation due to the stretched plateau compatible with CMB observations.
2. The inflaton field can slow down due to the second plateau to generate PBHs, which for the above chosen parameters of the potential is around the point ϕ ≈ 0.4. Tables 1 and 2 . The different curves correspond to different α values. The orange and green curve depict the change in the potential shape when the value of the α parameter is allowed to vary.
3. It provides a vacuum for reheating at ϕ ≈ −1 with zero cosmological constant.
Based on the above consideration, the supergravity action is determined by the superpotential
and we call the corresponding models I α depending on the α parameter. After gauge fixing the local conformal symmetry in the D-gauge X 0 = X 0 = √ 3M Pl and stabilizing the goldstino superfield S at S = 0, the inflationary trajectory is determined by the canonically normalized inflaton potential
This is the potential of the Model I. For fixed V 0 the CMB normalization at the pivot scale k cmb = 0.05 Mpc -1 gives a constraint for the parameters c i . Further constraints are obtained by the number of e-folds and the mass window where the PBHs form. For the Model I, three set of values for the parameters that can realize the PBH formation are listed in Table 1 . The potential for the Model I 1 , where the index 1 stands for α = 1, is depicted with the blue curve in the Figure 3 . One can see that the potential possesses the required characteristics: an asymptotically flat plateau for large ϕ values, a second flat plateau about the inflection point that decelerates the inflaton and a global minimum where reheating takes place. This potential produces a strong amplification of the curvature power spectrum and thus a significant PBH abundance, see Figure 10 . The PBH production will be discussed in detail in the following sections. The amplification of the power spectrum for the curvature perturbation can be understood by examining the inflaton dynamics. Initially, the inflaton finds itself in the asymptotically flat 
and this phase is known as ultra slow-roll (USR) phase. It is during that phase that at least O(1) changes in the slow-roll parameters happen and the power spectrum amplitude gets amplified [58] . The inflaton escapes the USR phase when is reaches the local maximum with the minimum velocity at N ≈ 41 e-folds and, afterwards, inflation continues till the end for about 16 more e-folds. The aforementioned evolution of the inflaton field is depicted in Figure  4 .
Model II: Modulated Chaotic Inflation Potentials
It has been demonstrated in the previous section that polynomial functions with an almost critical inflection point and single root maintains these characteristics after the boost φ → √ 3 tanh(ϕ/ √ 6α). In addition, appropriate adjustment of the parameters can successfully produce a large peak in the scalar power spectrum at specific PBHs mass window.
Beside the obvious polynomial functions which possess this behavior, sinusoidal functions appear periodical inflection points and roots. In this section we study a class of models with potentials inspired from the natural modulated potentials [59] and the axion monodromy models [60] [61] [62] [63] [64] .
We will study here the particular case of a modulated chaotic superpotential [65] of the form (5) where f is given in the D-gauge by (X 1 = Φ)
where A, f φ , λ are numerical constants. In others words, the superpotential depends on a generic function g(Φ) with a sinusoidal modulation. We will work out the simple case of α = 1 Figure 4 , the evolution of the inflaton field, the inflaton velocity, and the Hubble flow parameters 1 and 2 with respect to the number of e-folds N for the chaotic modulated Model II. The inflaton field value and velocity (magnified 10 6 times) are depicted in Planck units. Right panel: The 1 , 2 and 3 parameters against the e-folds N . In the magnified plot one sees that the 1 parameter, contrary to the polynomial model, remains less than one.
(other values of α can be analyzed similarly) and a linear function g(Φ) = λΦ so that after stabilizing the imaginary part of the complex Φ|, its real part φ will specify f (φ) to be
Hence, the potential for the canonical normalized field ϕ turns out to be
This is the potential of the model that we call Model II. The position and the amplitude of the power spectrum peak depends critically on the values of the parameters V 0 , A and f φ . The parameters A and f φ determine the plateau about the inflection point as well as the energy scale. The parameter λ is fixed by the CMB scalar power spectrum as usual. The values that we assign to the parameters of the Model II are listed in the Table 2 . For those parameters the inflaton potential has the form illustrated in Figure 3 . The dynamics along the inflaton trajectory are very similar to the those described for the polynomial Model I. However, we note that here the first Hubble flow parameter remains less than one, see Figure  5 . Let us also comment that the potentials of our models, at large field values, share similar features with the potentials of Ref. [24] . However, the potentials and aspects of the phenomenology differ since the models correspond to different microscopic configurations and described by distinct Kähler and superpotentials.
The Power Spectrum of the Curvature Perturbation
Fluctuations of the scalar field φ in a homogeneous background induce scalar perturbations in the metric. A gauge invariant quantity is the comoving curvature perturbation R, and in the comoving gauge we have δφ = 0 and
The variance in the fluctuations are measured by the power spectrum P R (k). In the framework of the inflationary universe the fluctuations naturally emerge from quantum zero-point fluctuations [66] . Expanding the inflaton-gravity action to second order in R one obtains
After the variable redefinition v = zR where z 2 = a 2φ2 /H 2 = 2a 2 1 and switching to conformal time τ (defined by dτ = dt/a), the action is recast into
The evolution of the Fourier modes v k of v(x) are described by the Mukhanov-Sasaki equation
where z /z is expressed in terms of the Hubble flow functions
What is critical for our calculations is the super-Hubble evolution of the curvature perturbation, that is for k 2 z /z. In the large-scale limit the solution of Eq. (33) is a linear combination of z and z dτ /z 2 and since R = v k /z one finds
where C 1 and C 2 are integration constants. In the conventional single-field inflationary scenarios based on the slow-roll analysis the second term corresponds to a decaying mode and R soon becomes a constant after the Hubble exit. The power on a given scale of R is obtained once the solution v k of the Mukhanov-Sasaki equation is known and estimated at a time well after it exits the horizon and its value freezes out,
The initial conditions for the modes v k are set by the Bunch-Davies vacuum. Deep inside the Hubble horizon, k aH, the evolution of the z /z is unimportant because k 2 z /z. There, all modes have time independent frequencies and the Eq. (33) 
e −ikτ for the Mukhanov-Sasaki equation. In de Sitter space the Eq. (33) is simplified, since it is z /z = 2/τ 2 , and one can solve it explicitly. In such a case the power spectrum for R in scales larger than the Hubble radius is found to be
The above analytic result is valid beyond the slow-roll approximation, in the sense that it is derived without neglecting the acceleration and the kinetic energy of the inflaton, and is a very good approximation as long as the Hubble flow slow-roll parameters are much less than one during the inflationary phase. If this is not the case the numeric solution of the exact Mukhanov-Sasaki equation has to be pursued. Indeed, during the USR phase there is an O(1) change in 1 and it is 2 ∼ −6, hence the slow-roll approximation breaks down. The evolution of (z /z)(aH) −2 with respect to the number of e-folds for inflationary models that feature a USR phase is depicted in Figure 6 . We see that the (z /z)(aH) −2 instantaneously vanishes and hence the solution (36), obtained for k 2 z /z, is not valid for the inflationary models that feature an inflection point plateau. The 1 decreases rapidly during the USR due to the decrease of theφ, and the second term in Eq. (36) is not a decaying mode. In Ref. [55] , after examining particular solutions of the equation of motion for the inflaton field with constant-roll, i.e. for κ c ≡ V /Hφ constant, it has been shown that for −3/2 < κ c < 0 the second solution of Eq. (36) corresponds to a growing mode. This is because the 1 decays as a −2(3+κc) which is faster than a −3 for κ c > −3/2, thus the R dt/(a 3 1 ) grows and a super-Hubble evolution of the curvature perturbation takes place. In our scenarios it is κ c 0 in the region about the inflection point and there the curvature perturbation grows fast. Only after the 1 stops decreasing the conventional solution R C 1 becomes valid again, that is, once the USR phase is over, the conservation of the curvature perturbation at super-Hubble scales is recovered.
The computation of the curvature power spectrum
We define the elapsed number of e-folds
where we set a cmb = 1 at the moment that the CMB scale k cmb = 0.05 Mpc −1 exited the Hubble horizon. This should not be confused with the usual definition where the e-folds number is given by the logarithm ln(a end /a). We also denote N 0.05 the total the number of e-folds till the end of inflation, i.e. N 0.05 = ln a end . The computation of the solutions to the Mukhanov-Sasaki equation requires a systematic numerical approach, that we outline below.
• We calculate the evolution of the coupled inflaton-metric system at the background level.
• We solve numerically the Mukhanov-Sasaki equation and find the evolution of the real and the imaginary part of the solution v k . A numerical iteration is carried out for more than 2500 modes k that range from k cmb = 0.05
We apply the Bunch-Davies initial conditions for each mode five e-folds before it crosses the Hubble horizon.
• We calculate the power spectrum of each u k well after the scale exits the Hubble horizon and its value freezes out. The region around the peak, which is the region of interest, is shaped by 2000 points. The points produced numerically construct the P R (k) that allows the estimation of the variance σ 2 (M k ) of the density perturbations and in turn the fraction of the mass that collapses to form PBHs.
The scalar power spectrum is normalized at the CMB scale k cmb = 0.05, where the amplitude A s of P R is measured to be ln(10 10 A s ) = 3.089 [51, 52] . Special attention should be paid to the case where the slow parameter 1 becomes larger than one. The inflaton exits the first slow-roll phase with large velocity and, before it enters the USR regime, the inflationary expansion may break for a moment. For the models I α , values of
Remarks on the amplification of the power spectrum
In the initial slow-roll regime the power spectrum is very well approximated by Eq.(37) until the moment that the Hubble flow functions start to increase considerably. In the region about the inflection point the 1 , 2 and 3 are rapidly changing and a peak at the curvature power spectrum is produced. The effective frequency squared ω 2 k ≡ k 2 − z /z of the MukhanovSasaki equation is accordingly changing, see Figure 6 , and the strong increase in the P R can be qualitatively understood as a momentarily violation of the adiabaticity condition. It is known from the WKB theory that if the frequency ω k is varying slowly with time, then the solutions to the equation (33) do not grow and approximate well the solutions one would obtain assuming that ω k is constant. On the other hand, if the ω k is changing rapidly, then the WKB analysis breaks down. This behavior is quantified by the dimensionless ratio r k ≡ω k /ω 2 k which gives the often-called adiabaticity condition. For |r k | 1 we have the adiabatic regime, while for |r k | 1 adiabaticity is violated and a significant amplification of the power spectrum is expected. This happens for modes that exit the Hubble radius before the non-attractor phase. After horizon exit it is |r k | 1 and the |r k | is decreasing as (aH) −1 until the moment the inflaton reaches the inflection point region. There, the z /z instantaneously vanishes, it becomes negative and, in less than about one e-fold, positive again. The instantaneous divergence of r k suggests that a resonance-like change in the P R takes place.
An interesting remark is that the inflationary phase is momentarily violated for the polynomial superpotential models, see Figure 4 . The violation is found to be stronger for α > 1 values. Large α values increase the potential energy difference between the CMB and the inflection point plateau. In the intermediate region the kinetic energy of the inflaton is large enough to interrupt for a moment the accelerating expansion. It is observed that the stronger the violation of the slow-roll phase is the more the power spectrum amplitude is amplified with respect to the approximate H 2 /(2π 2 1 ) value. The amplification is found to be of order 10 3 , see the Figure 7 . Hence, large P R values can be also achieved for not too small 1 or, equivalently, for not too smallφ values.
Primordial Black Hole production
In this section we discuss the basic formalism for the PBH formation relevant to the models investigated in this work. Here, PBH are black holes which are thought to form in the early universe before the big-bang nucleosynthesis epoch due to large density fluctuations caused by a superconformal inflaton. Large perturbations of scale k −1 create overdense regions that collapse to form black holes with mass M k after the horizon reentry. Notably, the PBH formation process depends critically on the background pressure. In the following subsections we discuss the PBH formation during radiation (RD) and matter domination (MD) eras separately.
Let us assume a scale k −1 , which exits the Hubble horizon ∆N k e-folds before the end of inflation, and the energy density contained collapses and forms a black hole. In order to estimate the probability of such an event it is crucial to specify the epoch of horizon reentry. After the end of inflation the Hubble horizon, H −1 , grows faster than the background expansion and the scales gradually reenter the horizon. The rate that the H −1 increases depends on the background energy density and for barotropic parameter w = p/ρ, it is H −1 ∝ a a k,re a end
where a k,re is the the scale factor at horizon reentry. It is useful to define 1Ñ k ≡ ln(a re,k /a end ), the e-folds that take place after the end of inflation until reentry, hencẽ
where w > −1/3. After inflation, there is a transitional era between the supercool inflationary phase and the thermalized radiation dominated phase, required for the BBN, that is known as reheating Γ inf . The reheating stage can be short or prolonged, depending on the inflaton decay rate. In general, it is characterized by an equation of state that is close to zero, w = w rh 0, i.e. the inflaton condensate gravitates as pressureless matter. Reheating ends at a rh with the complete inflaton decay and the energy density stored in the inflaton oscillations transforming into radiation with temperature T rh . The duration of the reheating phasẽ N rh ≡ ln(a rh /a end ) = [3(1 + w rh )] −1 ln (ρ end /ρ rh ) determines whether the scale k −1 reenters the horizon during reheating or radiation domination and, in turn, this determines the PBH formation process. If it is
ForÑ rh >Ñ k part of the inflaton condensate energy density collapses and forms black holes. On the other hand, forÑ rh >Ñ k, the PBH likely form during a radiation era and it is the thermal plasma that collapses. But this might not be the case. In supersymmetric and stringy scenarios the universe is well possible to enter an era that the energy density is dominated by moduli fields, that we collectively label X. Such a phase is often required due to constraints on the LSP abundance [80] or other stable hidden sector particles which might supplement the dark matter relic density. Thus, it is possible thatÑ rh <Ñ k but the k −1 scale enters during a cosmic era where the background pressure is almost zero. The characteristic scale is that of the power spectrum peak, k −1 peak , and in our scenarios we find that 5 ∆N peak 20 ,
see Figure (9) . If the inflaton condensate decays promptly, it is w = 1/3 and the scale k −1 peak enters the horizon after 5 Ñ peak 20 e-folds, whereas if prolonged matter domination era follows inflation, it is w = 0 and 10 Ñ peak 40. In our inflationary context, where ρ end > 10 −14 M 4 Pl , it is possible a cosmic MD era to last more than 40 e-folds after inflation. Hence these values for theÑ peak are in accordance with the requirement of a radiation dominated universe at the BBN epoch.
We note that the (42) condition can be written in terms of the temperature as well. If T k is the temperature of PBH formation then the hierarchy between T k and T rh determines the PBH formation process. In the following subsection we examine the T rh > T k scenario, where
is the temperature of the radiation due to the inflaton decay, and later the T rh < T k scenario.
PBH production during radiation dominated era
Let us assume that T rh > T k , hence PBH form during a radiation dominated era. The theory for the PBH formation that we follow is based on the traditional Press-Schechter formalism [67] . Large perturbations of scale k −1 create overdense regions that gravitationally dominate over the radiation pressure and collapse to form black holes with mass M k after the horizon reentry. We assume that curvature perturbations are described by Gaussian statistics in order to estimate the PBH formation probability and connect the collapse threshold to the power spectrum. For spherically symmetric regions the PBH form with rate β,
The parameter δ c is the threshold density perturbation and erfc(x) is the complementary error function. For δ > δ c density perturbations overcome internal pressure and collapse. The integration in Eq. (44) takes place for δ c < δ < δ max and for (δ max − δ c )/σ 1 the right part of (44) is a good approximation. The PBH abundance is particularly sensitive to the threshold δ c due to the exponential dependence. A characteristic value for δ c is 1/3 [4] for black hole formation during the radiation dominated era, that is the equation of state parameter value. However, different values for δ c are cited in the literature, see e.g. [68] [69] [70] [71] [72] , and its actual value seems to be rather uncertain. It has been recently suggested that the morphology of the power spectrum plays also a rôle [73] . The δ c is a key quantity for the calculation of the PBH abundance because of the exponential sensitivity of the β RD (M k ) on δ c . For example, it has been shown that the PBH abundance can increase during the QCD phase transition due to the softening of the equation of state [74] . In the comoving gauge Ref. [72] finds that
For w = 1/3 it is δ c = 0.41. In this work we adopt different δ c values and demonstrate how our results are modified by this choice. Also, in the comoving gauge the curvature perturbation R is related to the density perturbation δ, assuming a nearly scale-invariant curvature power spectrum for a few e-folds around horizon crossing as
Hence, the relation between curvature perturbation and density threshold for a radiation dominated universe is δ c = 4/9 R c at the moment the perturbations reenter the horizon. The variance of the density perturbations σ(k) smoothed on a scale k for radiation domination is given by [75] 
where P R (q) is the power spectrum of the curvature perturbations calculated numerically. W (z) represents the Fourier transformed function of the Gaussian window, W (z) = e −z 2 /2 . In order to estimate the mass spectrum of the PBHs the horizon scale at the time of reentry of the perturbation mode k has to be related to the mass of PBH formed. During the radiation era the wavenumber scales like k ∝ g 1/2 * g −2/3 s S 2/3 a −1 and the Hubble horizon as H ∝ g 1/2 * g −2/3 s S 2/3 a −2 where S denotes the entropy, and g * , g s count the total number of the effectively massless degrees of freedom for the energy and entropy densities respectively. The horizon mass M H = 4πρH −3 /3 scales like ∝ H −1 . Hence, assuming conservation of the entropy between the reentry moment and the epoch of radiation-matter equality, which is a good approximation unless significant entropy production takes place in between, the relation between the PBH mass M k and the comoving wavenumber k is given by
The factor γ gives the fraction of the horizon mass M H that collapses to form PBHs. Its value depends on the details of the gravitational collapse and an analytical estimation [4] gives γ = 0.2. However, the γ value varies in the literature and the choice of it alters the mass window that PBHs are produced. In Eq. (48) we assumed that the degrees of freedom g * , g * s are approximately equal. For the estimation of PBH mass we have considered the number of degrees of freedom at the temperature of the PBH formation T k in the radiation epoch to be g * (T k ) = 106.75, assuming that particles are those of the Standard Model. Here, since we consider that the supersymmetric α-attractors realize the inflationary phase, supersymmetric degrees of freedom may participate in the thermal equilibrium. In case the MSSM is thermalized then it is g * (T k ) = 228.75. At radiation-matter equality the comoving wavenumber is k eq = 0.07 Ω m h 2 Mpc -1 and M eq denotes the corresponding horizon mass.
The mass of each PBH formed is given by the Eq. (48). The other critical quantity is the PBH abundance. In order to estimate the PBH abundance we take into account that PBHs behave as non-relativistic matter, hence ρ PBH /ρ grows inversely proportional to the temperature of the thermal plasma until the radiation-matter equality. We define f PBH the present ratio of the PBH abundance with mass M k over the total dark matter (DM) abundance
In the above expression we introduced the total matter relic density parameter Ω m and took into account that Ω m = Ω rad at equality epoch. Hence, given that at the moment of horizon reentry of the perturbation mode k, the energy density that collapses to PBH is γβ RD (M k )ρ, along with the fact that it redshifts slower than radiation, one finds that at the equality epoch it is
Assuming entropy conservation, the temperature scales like T ∝ g −1/3 s a −1 , and thus we get
In the above expression we utilized the formula for the PBH mass M k , Eq. (48), formed at the moment that T = T k . We took again the effective degrees of freedom g * and g s approximately equal. We also ignored as negligible mass accretion and evaporation effects. Plugging in numbers the above expression is recast into a more informative form,
This is the fractional relic density of PBH with mass M k with respect to the overall dark matter density. In order to see whether the total relic density of the PBH saturates the observed dark matter relic density, Ω DM h 2 ∼ 0.12 [51] , we have to integrate over the masses M k for k in the RD era,
Here, we choose the parameters in order the PBH to account for a significant part of the dark matter in the universe and hence, test our models against observations, see Table 3 .
PBH production during matter dominated era
After inflation the transition to thermalized plasma, in most of the models, is not instantaneous but a reheating stage follows. Furthermore, it is well possible that in the era before the BBN and after infation the universe energy density is dominated by a pressureless fluid other than the inflaton, e.g a modulus field. Actually, this is rather common and often natural in the context of supersymmetric extensions of the Standard Model of particle physics and in stringy set-ups where late decaying scalar fields are generic. In both of these scenarios, reheating or modulus domination, the PBH formation process gets modified. We note that, in our context, black hole formation by the collapse of a scalar condensate is generally expected to take place, see also e.g. [81] for a relevant analysis.
According to the formula (45) in the limit w → 0 we have δ c → 0, which means that even minute perturbations would collapse to a black hole. In this case the Eq. (44) is not the correct expression to estimate the PBH formation rate. Ref. [76] examined the PBH production in a matter dominated universe and found that it is generally larger, though non-spherical effects are present and decrease the efficiency of the collapse in a pressureless background. For small σ the PBH production rate β tends to be proportional to σ 5 ,
This expression has to be contrasted with the gaussian expression (44) . It was derived with semi-analytical calculations while analytically a lower and an upper bound were found, 0.014 σ 5 < β < 0.128 σ 5 . The PBH production rate is further modified when the collapsing region has spin. The angular momentum suppresses the formation rate which now reads [77] ,
Benchmark values are q c = √ 2, I = 1, f q ∼ 1. According to [77] this expression applies for σ(M k ) 0.005 whereas Eq. (53) applies for 0.005 σ(M k ) 0.2. Depending on the amplitude of the power spectrum, we will examine examples that fall in the validity regime of Eq. (53) and examples that the Eq. (54) gives major corrections to the final result, see Figures 11 and 12 . Also, the variance of the density perturbations σ(k) smoothed on a scale k for matter domination era is given by
During matter domination the relation of the perturbation mode k to the PBH mass formed is different than Eq. (48). The horizon mass M H = 4πρH −3 /3 scales like H −1 . Right after inflation it is M end = 4πM 2 Pl /H end and grows like a 3/2 during a pressureless reheating stage, while during a RD era it grows like a 2 . Hence, the relation between the PBH mass M k and the comoving scale k −1 reads
Accordingly, in terms of the M rh , M eq and for k > k rh we obtain 
rh is the comoving horizon scale at the epoch of reheating, M rh is the horizon mass for k = k rh andÑ rh ,Ñ k are respectively the e-folds after infation that the scales k −1 rh and k −1 reenter the horizon, i.e.Ñ k ≡ ln(a k /a end ) = 2 ln(k end /k) withÑ k <Ñ rh . Again here, we comment that if the MSSM is thermalized at T rh then it is g * (T k ) = 228.75. The Eq. (57) for k end gives the horizon mass at the end of inflation and has to coincide with the Eq. (56).
Turning to the abundance, one should take into account that the energy density of the PBHs will redshift slower than radiation only after T rh hence,
Assuming entropy conservation after reheating we get for k > k rh
Equivalently, the abundance of PBH formed during an early matter domination era are modified with respect to the abundance of the RD era as
for T rh < T k and M k given by Eq. (57). Here T k does not have the standard physical meaning since universe is not thermalized. The total abundance of PBH produced during pressureless reheating is numerically obtained by integrating in the momentum space,
In the case PBH form during a modulus dominated era, T rh has to be replaced by the decay temperature of the modulus field. We will come back to the scenario of modulus domination in subsection 6.2.
PBH formation during radiation, reheating and modulus dominated eras in superconformal attractors
In the following we analyze the PBH formation for superconformal attractor inflationary models, however our analysis is general and should apply to any inflationary model with a lagre peak in the curvature power spectrum. We also expect that our results, presented here and in section 7, should be quantitatively similar with those of any inflationary potential that yields 1 − n s 2/N and r 12/N 2 in the large N expansion. From this perspective the superconformal attractor models account for an appealing framework to demonstrate our analysis and results.
Model II 1 , ♯1 V(φ) Model I 3 , ♯3 V(φ) Tables 3 and 4. A characteristic of the inflationary models that produce both the CMB anisotropies and small scale overdensities that form PBH is that the e-folds number N 0.05 is fully specified. It is N 0.05 = N peak + ∆N peak (62) The N peak is bounded from above by the requirement not too light PBH mass that would evaporate during the universe lifetime. Also N peak is bounded from below by the observed n s value. Roughly speaking, the approximate relation (13) gives N peak 34 for n s 0.942 and N peak 39 for M PBH 10 −18 M . The ∆N peak is much less constrained but apparently it must have a minimum size in order the PBH abundance to be sizable, since if ∆N peak → 0 the range of momenta k that collapse shrinks. In our models, the peak in the power spectrum that seeds the PBH formation is generated about N peak 38 e-folds after the CMB scale k −1 0.05 exited the Hubble horizon. Afterwards about ∆N peak ∼ 10 − 20 e-folds of expansion follow until the end of inflation. In total these models require N 0. 05 45 e-folds of inflation. The N 0.05 is related to the post-inflationary cosmic expansion rate [79] 
whereÑ dark are the e-folds that take place in the observationally "dark" era after the end of inflation until the BBN epoch, where the universe is known to be thermalized, and w denotes the average value for the equation of state during that era. One sees that ln( * V * /ρ end ) 
e-folds 
The reheating stage
Let us now define a criterion that tells us whether PBH form during radiation era or during reheating with w rh 0. The pre-BBN e-folds of the adiabatically expanding universe can be split intoÑ dark =Ñ rh +Ñ RD +Ñ X , which are the e-folds that take place during reheating, radiation domination and modulus domination respectively, namelyÑ rh = ln(a rh /a end ),Ñ X = ln(a dom X /a dec X ) [80] . Then, the last term of the Eq. (63) reads (Ñ rh +Ñ X )/4. Leaving aside the modulus domination scenario for a while, i.e.Ñ X = 0, the Eq. (62), (41) and (63) yield the critical ∆N peak value for PBH formation after inflation,
where we considered that ln( * V * /ρ end ) 1/4 −0.3. Taking that N peak 38, which gives the optimum value for n s , we find that ∆N (cr) peak 12.7. Hence, forÑ X = 0, the PBH formation condition for the superconformal inflationary models reads, ∆N peak > 12.7 or N 0.05 > 50.7 =⇒ PHB form during RD ∆N peak < 12.7 or N 0.05 < 50.7 =⇒ PBH form during reheating (65) We assume that the greatest part of the reheating phase corresponds to a MD era with w rh 0. If it is ∆N peak = ∆N (cr) peak 12.7 the k −1 peak reenters the horizon at the moment of the transition form MD to RD. We note that the condition (65) follows simply from the fact that the N 0.05 is directly related to the post-inflationary expansion history. If the reheating is instantaneous it isÑ rh → 0 and PBH form during RD era regardless the position of the peak. In this case it is N 0.05 57.
The critical value, ∆N (cr) peak 12.7, implies that PBH can form during a matter dominated era only if a prolonged reheating stage follows inflation withÑ rh 25. At the end of reheating the energy density is ρ rh = e −3Ñ rh ρ end , where ρ end = 3H 2 end M 2 Pl ∼ 10 −12 M 4 Pl in our models, while the reheating temperature is
Consequently, forÑ rh = 2∆N
(cr)
peak , there is a critical reheating temperature
that the peak placed ∆N (cr) peak 12.7 e-folds before inflation end reenters the horizon. If T rh > T cr a PBH with mass M k peak forms during RD era while if T rh < T cr it forms during the reheating stage. Actually, one can find that the critical temperature (67) is the temperature that the scale k −1 peak reenters the horizon for any ∆N peak > ∆N (cr) peak value, that is
where k rh = e −Ñ rh 2 k end is the momentum that corresponds to the horizon scale at the time of the reheating completion. In the above formula, the f (RD) PBH is written in terms of the PBH production rate in a RD era given by Eq. (44), whereas the f (MD) PBH is written in terms of the production rate in a MD era given by Eq. (53) . Apparently, the formula (71) is general and applies beyond the framework of superconformal attractors. It holds for any N 0.05 , N peak and ∆N peak , not only for the particular values that our models admit.
Until now we have implicitly assumed an instantaneous transition from the matter domination era to the thermalized radiation era. However, the inflaton does not decay instantaneously. Apart from the possible preheating effects (that are strong right after inflation) at the end of its lifetime inflaton gradually looses energy towards lighter degrees of freedom with energy density ρ rad = (Γ/4H)ρ inf . This implies that the equation of state deviates from zero and pressure gradually appears. The effective equation of state for this combination of fluids is
where the right hand approximation holds for Γ inf Hand w rad = 1/3. The effective equation of state may have interesting implications for the PBH formation mechanism. Ref. [78] took into account the gradually produced radiation and specified under what conditions the transition between matter and radiation PBH production occurs. They found that the effective N rh number for the PBH formation in MD is reduced about 10% for variance σ < 0.05 and, also, this reduction is independent of the decay rate Γ. This result modifies the f PBH,tot for k peak = k rh and can be neglected for k peak k rh . In this work, we take into account the generic presence of a reheating phase and we use the formula (71) for the computation of the PBH abundance during RD or MD eras.
Modulus domination
The requirement T rh < T cr ∼ 10 7 GeV for PBH formation in MD era means that a slow reheating takes place. This can be realized if the inflaton decay rate is particularly suppressed. Such a scenario is not impossible, nevertheless in a supersymmetric and stringy framework the presence of extra late decaying scalar fields, that we collectively call them moduli X fields, is natural. These fields can dominate the early universe energy density and realize a prolonged MD domination era before BBN. In such a case the condition for PBH formation during MD era reads ∆N peak < ∆N (cr) peak = (Ñ rh +Ñ X )/2, or in terms of the modulus decay temperature,
for a modulus domination phase that follows continuously right after inflaton decay. The T dec X stands for the modulus decay temperature. However, it well possible that a modulus X field dominates the energy density of the universe several e-folds after the complete reheating of the universe, i.e. T dom X < T rh . In such a case the condition (65) for PBH formation during reheating/RD era does not apply. A PBH of scale k −1 can form during a modulus dominated era if the ∆N k satisfies
are the e-folds that take place during the modulus domination until the moment it decays, and ∆Ñ RD = ln(ρ rh /ρ dom X ) 1/4 are the e-folds of radiation domination that take place in between follows reheating until the epoch of the modulus domination. We assume that during modulus domination the equation of state is that of pressureless matter, i.e. w X = 0. Considering the momenta k, the condition (74) is recast into
where k dom
Thus, the PBH formation probability (58) reads here,
Collectively, the fractional PBH abundance, when a modulus domination era with vanishing pressure takes place in the post-reheated universe, reads
where the M k is given by Eq. (57) after the replacement
is the dilution factor due to the modulus low entropy production. In the limitÑ rh → 0 the e-folds that take place during modulus domination can be specified for a given power spectrum by the equation,Ñ X /4 57 − N 0.05 19 − ∆N peak . We are mostly interested in the epoch that the scale k
peak reenters the horizon. If k peak k dom X the net effect of the modulus domination is a dilution of the PBH abundance ∆ X times. In the interesting case that k dec X < k peak < k dom X the PBH form in a pressureless background and the production rate and abundance might be enhanced, particularly if k peak ∼ k dec X . We note that k −1 peak can enter during the modulus domination era for any N 0.05 value smaller than 57. Finally, in the case that k peak k dec X the modulus domination era has minor effects on PBH formation that takes place mostly at T peak .
The modulus domination scenario is particularly attractive in the framework of the supersymmetric theories. PBH can account only for a fraction of the total DM density, and thus an extra dark matter component should exist. Supersymmetric theories provide DM candidates that can supplement the dark matter density. However, the increase of the lower bounds on the sparticle masses by LHC searches is at odds with the standard thermal dark matter scenario and dilution effects are often required, see e.g. [80] for a recent work. From this perspective, the PBH formation during a modulus domination era is a realistic and a very interesting scenario.
Observational signatures and constraints for PBH from superconformal attractors
The models explored in this work predict PBHs in the small mass window, see Tables 5, 6 and 7 and very characteristic values for the scalar tilt, n s and the scalar tilt running, α s . Table 4 : Five set of values for the parameters of the Models I α , as in Table 3 . Tables 3 and 4 , examples # 1, 2. The inflationary parameters imply a short reheating phase and large reheating temperature that the power spectrum peak enters during a radiation dominated era. The values for the δ c parameter are the minimum allowed by observational constraints for the given power spectrum peak, see Figure 10 . Table 6 : The PBH abundance and characteristic mass for the inflationary Model family I 3 , with parameters listed in the Table 6 , examples # 3, 4. The inflationary parameters imply a prolonged reheating phase and quite low reheating temperature so that the power spectrum peak enters at the epoch of reheating completion. The amplitude of the power spectrum is relatively low to trigger PBH formation during radiation era and most of the PBH are formed during the pressureless reheating stage. For the example # 3 the PBH mass peak is in slight offset with the power spectrum peak, see Figure 11 . Table 7 : The PBH abundance and characteristic mass for the inflationary Model families I 5 and I 1 respectively with parameters listed in the Table 4 , examples # 5, 6. The inflationary parameters imply a prolonged matter domination era after inflation partitioned into inflaton reheating and into a modulus X scalar field condensate. The temperatures are written in GeV units. The PBH abundance depends sensitively on the temperature the X modulus dominates the energy density and decays. Also, the PBH mass peak is placed in a lower mass range, see Figure 12 .
CMB observables and the postinflationary evolution
The observational bounds, provided by the Planck 2015 data at the 95% CL when the running is non negligible, at k cmb = 0.05 Mpc −1 read n s = 0.9569 ± 0.0154
Our models predict for the scalar tilt, the running and the tensor-to-scalar ratio 
The potentials examined are depicted in Figure (8 ).
The n s and r values can be understood by the approximate analytic relations (13), 1 − n s ∼ 2/N and r ∼ 12/N 2 , where N = N peak are the e-folds that separate the CMB and the PBH scales and it is N 0.05 = N peak + ∆N peak . These relations describe quite well the actual behavior of the n s and r at the plateau of the potential, though a more accurate analytic estimation has to take into account the higher order corrections, 1/N 2 and 1/N 3 for the n s and r respectively. The peak in our models is generated at N peak ∼ 38 and hence the n s value is smaller than 0.96, which is the value expected by a conventional superconformal attractor model where N ∼ 57. A way to understand the decrease in the scalar tilt value, n s (N ), in this sort of inflationary models that trigger the PBH formation, is to see the ∆N peak e-folds of inflation that take place about the inflection point as a second inflationary phase. This would reduce the N as N → N − ∆N peak −Ñ rh /4 N peak .
We mention that, for inflation with polynomial superpotential (Model I), the different values for the parameter α come with different values for the potential parameters which have to change accordingly, otherwise sufficient peak at the power spectrum cannot be produced. The second model considered, the modulated chaotic potential (Model II), yields similar predictions for the n s , α s and r. For the Model II, larger values for the α parameter make the amplification of the power spectrum harder to be realized. The n s value, mostly determined by the N peak , increases if we increase the γ parameter, because the PBH mass range accordingly increases. If we further let the N 0.05 vary beyond ∼57 e-folds then the spectral index value can be shifted towards larger values, even inside inside the 68% CL region of the Planck collaboration data. However, in this case values w > 1/3 should be considered and a change on the PBH formation rate should be expected, since the matter perturbation threshold δ c depends on the background equation of state, Eq. (45) . In this work we assume δ c ∼ 0.3 for RD, which gives the maximum allowed abundance for P R ∼ 10 −2 ; we also take γ to be either 0.2 or 1. Adopting larger values for δ c would require to accordingly increase the size of the P R peak.
The number of e-folds N 0.05 determine whether the reheating stage after inflation is short or prolonged, Eq. (63). In the framework of superconformal attractors the reheating temperature can be determined only after the inflaton couplings to matter are specified. Phenomenologically, models with large N 0.05 imply that the inflaton field decays fast and the thermal history of the universe starts with a relatively large reheating temperature. Models that yield smaller N 0.05 imply that a prolonged non-thermal phase was realized after inflation and before BBN. Interestingly enough, the non-thermal phase and and the details of the postinflationary cosmic evolution are interrelated with the supersymmetry breaking scale and the sparticle mass spectrum [80] .
We note that, in each model, inflation ends in a different energy scale that may vary up to one order of magnitude. Hence, the maximum reheating temperature, determined by ρ end varies accordingly. The duration of the reheating stage and the position of the curvature power spectrum peak determine the PBH abundance. A prolonged matter domination era after the reentry of the peak gives a smaller abundance and smaller PBH masses. In our models the P R peak value is placed at k peak ∼ 10 14 Mpc −1 and the PBH abundance maximizes when the reheating temperature is close to the critical (67) . Thus, we find that a power spectrum of α-attractors can trigger a cosmologically significant abundance of PBH even if the amplitude is as small as
The exact values depend on whether spin effects are present or not. If are not negligible, that is expected for σ(k) 0.005 [77] , the power spectrum peak has to be few times larger but still less than 10 −4 in order to generate a significant PBH abundance. Also, if the reheating temperature is much less than 10 7 GeV, apart from the decrease in the abundance, the PBH masses are shifted in a smaller mass range that is much constrained from the extra galactic gamma-ray background [83] , see Figure 11 .
For the modulus domination scenario, the astrophysical bounds on the PBH abundance and masses, see Figure 12 , constrain the duration of the modulus dominated era. Assuming that modulus decays gravitationally then we expect a decay rate,
and the X decay temperature is T dec
For c ∼ 1 the X decays gravitationally and T dec X ∼ 4 MeV (M X /10 5 GeV) 3/2 . The temperatures T dec X that we associate with a modulus decay, listed in Table 7 , are large and imply a rather heavy modulus with mass M X ∼ 10 9 GeV. By decreasing the T dec X to MeV scale the PBH abundance would have fallen to negligible levels and the masses would have shifted in smaller values. For c 1 nongravitational decay channels exist and in this case the M X can decrease. Even though heavy, the modulus can dilute an overabundant dark matter particle or produce it non-thermally. In the context of ultra-TeV scale supersymmetry a heavy modulus that decays at T dec X ∼ 10 4 GeV and dilutes ∆ X ∼ 10 4 times the thermal plasma reheated at T rh ∼ 10 13 GeV, as it happens in our scenarios, is welcome. For example, for subleading X decay contribution, a gravitino LSP with mass m 3/2 ∼ TeV can successfully account for the rest ∼ 90% of the dark matter in the universe.
The synopsis, regarding the CMB observables, is that the superconformal models examined here, modified to trigger a cosmological relevant abundance of PBH due to a curvature power spectrum peak P R 10 −5 , predict a n s value that is smaller than the fiducial n s value of a conventional α-attractor models. On the other hand, the tensor-to-scalar ratio, r, and the running of the scalar tilt, α s , are found to be significant larger. The small n s values, which are compatible with the Planck 2015 data at the 95% CL when the running is non negligible, place our models around the borderline of what present data allows and renders these models testable by the near future CMB probes. 
Radiation era (w = 1 /3) 
The PBH mass range
The potential is constructed in such a way that a significant amplification of the power spectrum is achieved at small scales, that triggers the PBH production in the mass window
The small mass window is selected by the requirement the n s value to be compatible with the Planck data. We note that when the parameter α of the polynomial superpotential models changes similar results for the PBH abundance can be obtained for the same δ c value. The main effect for α > 1 is that values for the 1 larger than one, between the first slow-roll and the USR phase, are possible and hence a larger amplification of curvature power spectrum amplitude. The PBH relic density is constrained by a synergy of astrophysical observations, that we outline next, and we choose the model parameters that maximize the Ω PBH h 2 and hence place our models in the observationally interesting edge of the allowed (Ω PBH h 2 , M PBH ) contour region,
During RD era the PBH abundance depends sensitively on the amplitude of the P R peak and the threshold density contrast parameter δ c , whereas during MD era the PBH abundance is less sensitive on the amplitude of the power spectrum peak but it depends on the reheating temperature. For PBHs forming during MD, depending on the size of spin effects, a moderate peak P R ∼ 10 −5 − 10 −4 in the power spectrum is adequate to generate a cosmologically significant abundance if the largest curvature perturbation mode R k reenters the horizon not long before the reheating of the universe. In this case the density of the PBH formed will have enough time to increase until the matter-radiation equality. In addition, if the pressureless reheating, or a modulus domination era continues for long after the reentry of the power spectrum peak, the PBH masses are shifted towards smaller values. Our consideration imply that the details of the transition between the reheating and the thermal radiation regime play an important rôle for the determination of the PBH abundance and deserves a thorough investigation.
Observational bounds on the abundance and the mass of the PBH
Turning now to the observational constraints on the Ω PBH h 2 , there are actually several astrophysical and cosmological data that put bounds on the abundance and the mass of the (primordial) black holes. These bounds can be directly translated into constraints onto the shape of the primordial curvature power spectrum, P R . The fact that makes it possible is that the evolution of the PBH masses via the accretion of matter is expected to be negligible. Dark matter populates the galactic halos where the matter density is too small to accrete into black holes of small mass and hence it is legitimate to claim that light PBH, like those considered in this work, are indeed big-bang relics.
There are four kinds of direct observational constraints that apply on different PBH mass scales, depicted with the colored curves and areas in Figures 10, 11 and 12 . We follow the color coding of Ref. [82] . The lighter PBH with mass less than 10 17 g are expected to have a cosmological relevant lifetime due to the Hawking radiation. In the late universe, the PBH evaporation rate is constrained from the extra galactic gamma-ray background [83] (the area in green) and in the early universe from the big-bang nucleosynthesis [84] . Black holes of mass above 10 17 g are subject to gravitational lensing constraints [85] [86] [87] (the areas in blue and gray). Also, black holes influence the trajectory and the dynamics of other astrophysial objects such as neutron stars and white dwarfs [88] [89] [90] [91] [92] (the area in orange) that constrain the abundance of black holes with mass from 10 16 up to 10 25 g. The cosmic microwave background constrains PBH with mass above 10 33 g because the accretion of gas and the associated emission Tables 4 and 6 . The cyan areas show the scales that reenter during reheating. For the parameters chosen the upper model has a reheating temperature T rh 7 × 10 6 GeV and the lower T rh 2 × 10 6 GeV, so that the peak of the power spectrum enters about one e-fold after and one e-fold before reheating respectively. Right panels: The corresponding fractional abundance of PBHs, is 0.01 and 0.14 for the two models when spin effects are taken into account (dotted curves), since the variance for these models is σ(k) < 0.005 for k around the peak. If there is no spin the abundance is much larger (dashed curves). At the end of the reheating stage the f PBH,tot is estimated for radiation background with w = 1/3 which gives practically zero contribution; in the upper plot we took δ c ∼ 0.01 to make the abundance peak in the RD era visible.
of radiation during the recombination epoch could affect the CMB anisotropies [93] (the area in orange). Recently it has been claimed that the CMB bounds on massive PBH may be relaxed due to uncertainties in the modeling of the relevant physical processes [5, 94, 95] . Finally, there are indirect constraints from the pulsar timing array experiments on the gravitational waves associated with the formation of relatively massive PBH at the epoch of horizon entry. Figure 12 : Left panels: The power spectra of the curvature perturbation for the Models I 5 and I 1 with P R ∼ 10 −4 and P R ∼ 10 −2 respectively, see Tables 4 and 7 . The cyan areas show the scales that reenter during a modulus dominated era. For the parameters chosen the model I 5 has a reheating temperature T rh 4 × 10 13 GeV and the model I 1 T rh = 1 × 10 13 GeV, however, modulus dominates the energy density for 8 and 10 e-folds that decays at T rh ∼ 10 4 GeV respectively. Right panels: The fractional PBH abundance for PBH formation during pressureless modulus domination stage (cyan area), 0.12 and 0.11 respectively. The variance for this model for k around the peak is σ(k) > 0.005 and spin affects can be neglected. The PBH mass peak is placed in smaller values due to late time modulus domination. In the lower panel, the power spectrum peak, though 10 −2 in size, gives a negligible PBH abundance when dilution effects are included. Here, we took δ c = 0.24 to make the abundance peak during the RD era visible.
We note that the PBH the mass window 10 −16 − 10 −14 M that the models we studied predict is in accordance with recent searches for femtolensing effects caused by compact objects, when the presence of an extra DM component, composed of WIMP particles is considered [96] . Summarizing, the synergy of different cosmological and astrophysical surveys of large and small cosmic structures can provide us with information about the full shape of the inflationary potential. An appealing feature of the models described in this work is the fact that their predictions are going to be tested by multiple observational probes in the near future.
Conclusions
The Primordial Black Hole formation due to inflationary fluctuations has been attracting growing attention. Motivated by the substantial cosmological implications of such a hypothesis, in this paper we studied the Primordial Black Hole (PBH) production from inflationary α-attractors considering different scenarios for the postinflationary evolution of the universe. We analyzed two general sort of models, labeled Models I and II, characterized respectively by polynomial superpotential and modulated chaotic potentials that feature trigonometric functions. The collapse of overdense region into PBH formation is triggered by a strong peak at the power spectrum at small scales k ∼ 10 14 Mpc -1 . We examined the PBH formation in backgrounds dominated by a pressureless matter and by thermal radiation. We found that PBH in the mass window 10 −16 − 10 −14 M (or 10 17 − 10 20 g, which corresponds to the mass range of small asteroids) can be produced with a cosmologically significant abundance, Ω PBH /Ω DM = O(0.1)
A pressureless matter dominated era before BBN can be attributed to the postinflationary reheating stage necessary to pass to the thermal RD era. Moreover, in the framework of superconformal attractors and generally in supergravity and string theory the presence of late decaying scalar fields, such as moduli, is natural and can realize a postinflationary non-thermal phase. Actually, a non-thermal phase is welcome in many particle dark matter scenarios and an extra dark matter component is necessary to saturate the observed Ω DM . Motivated by these considerations, in this work, we investigated the PBH formation during radiation, pressureless reheating and modulus dominated eras in a consistent way and our results are presented in Tables 5, 6 and 7 and in Figures 10, 11 and 12 . We say consistent in the sense that the duration of the MD and RD eras, the reheating temperature, the PBH mass range and abundance are interrelated and explicitly determined by the inflationary stage itself.
The increase in the power spectrum is achieved by the rapid change of the Hubble flow parameters 1 , 2 and 3 in the region about the inflection point. The required amplitude of the power spectrum peak that yields a significant PBH abundance depends significantly on the background pressure that determines the process the primordial inhomogeneities collapse to form black holes. In particularly for the RD era a significant abundance can be achieved after a delicate balance between the threshold parameter δ c and the amplitude of the power spectrum peak. During MD era the absence or presence of angular momentum in the collapsing region is important for PBH formation. In addition, the reheating temperature of the universe is critical for the determination of the PBH abundance.
For PBHs forming during MD a moderate peak P R ∼ 10 −5 − 10 −4 in the power spectrum is adequate to generate a cosmologically significant PBH abundance if the relevant curvature perturbation mode R k reenters the horizon not long before the reheating of the universe. In this case the density of the PBH formed will have enough time to increase until the matterradiation equality. We also find that PBH masses range is shifted to smaller values compared to the RD era. The details of the transition between the reheating and the thermal radiation regime can play a crucial rôle for the determination of the PBH abundance and deserve a further investigation.
The prediction of the PBH relic density is very sensitive to the quantity β(M k ) [36] . A key parameter is the ratio of the averaged production rate in the presence of diffusion and the production rate in the absence of diffusion, e ∆ qd ≡ β(M k ) /β(M k ) which has to be |∆ qd | 1 in order the uncertainty in the PBH relic density estimation to be negligible. This is an interesting issue that we leave for a separate study.
The superconformal models lead to distinct cosmological predictions despite the flexibility in the choice of potentials, characteristic of the α-attractors. The superconformal attractors customized to generate PBH in the low-mass region predict a relatively small n s value, and larger r and α s values compared to the conventional inflationary α-attractor models. The n s value is compatible with the Planck 2015 data at the 95 % CL. This scenario is possible to be tested by the next generation CMB probes that aim at pinning down the scalar tilt value with per mil accuracy. Large values for the n s will rule out this sort of models. Moreover, microlensing observational programs should be capable to search for PBH in the mass range predicted here and considerably constrain the abundance. The current status is that the PBH mass window (82) is in accordance with recent searches for femtolensing effects caused by compact objects, even when the presence of an extra DM component composed of WIMP particles is considered [96] .
The results of this work suggest that α-attractors provide a framework to implement PBH production in a mass range of cosmological and observational interest. We underline, nevertheless, that our analysis and results are general and can apply to any inflationary model that generates a peak in the power spectrum of the curvature perturbation capable to trigger PBH formation.
